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Abstract
The absorptive part of the WWγ vertex induced by massive fermion loops is con-
sidered for different kinematical configurations. We show that the axial part of this
vertex is different from zero not only when massive fermions are involved but also for
massless fermion loops, if one of the W bosons is space-like and the other is time-like.
We also discuss in what sense Low’s soft photon theorem is satisfied.
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1 Introduction
The unstable W± and Z0 gauge bosons cannot be prepared as asymptotic states. They
are first produced in collisions of stable particles and subsequently we observe their decay
products. The intermediate states associated to resonances in these processes are described
by propagators in the physical amplitude. The latter blows up in the resonance kinematical
region, unless an imaginary part, which softens this singularity, is added to the propagators.
The solution to the above problem in field theory requires to include an infinite summation
of vacuum polarization diagrams in the gauge boson propagator. At a given order in pertur-
bation theory, this procedure can destroy the gauge invariance of the resulting amplitudes
and therefore, can induce important changes in observable effects [1]-[3].
Different prescriptions to obtain gauge-invariant amplitudes have been presented in the
literature [1]-[7]. In the presence of unstable particles, this can be achieved either, (a) by
making a Laurent expansion of the full amplitude around the complex pole associated to
the resonance in the second Riemann sheet [1, 2, 5, 6] or, (b) by using full propagators
and vertex functions in the amplitudes which include only resummation of (gauge-invariant)
fermion loops [3]-[5]. (For a different approach, see also [7]).
In this paper we shall discuss the electromagnetic gauge invariance in processes where
a real photon is emitted from an internal W± gauge boson. Since gauge invariance in a
given process is guaranteed by the fulfillment of the Ward identities among different Green
functions, we will focus our analysis on the latter requirement. This issue is relevant for
instance in processes involving the production and decay of a W boson such as e+e− →
e−ν¯eud [3, 6], qq¯
′ → ℓνℓγ [4], the top quark decay t→ bℓνℓγ , or γe
− → νeτ
−ν¯τ [7].
In previous papers [3]-[5] the problem of gauge invariance has been considered including
the imaginary parts induced by massless fermion loops in the W± propagator and the WWγ
vertex. Here we shall address this problem in the case when the fermions in the loops are
massive. Generally speaking, mass effects of light fermions in the loops turn out to be
negligible for invariant masses of the W bosons large enough. However, we would like to
stress two new relevant features that appear in both the massless and massive cases, namely,
1
the appearance of axial-vector contributions to the WWγ vertex and the violation of Low’s
photon energy expansion [8] (see section 3) for specific kinematical configurations of W ’s
four-momenta.
2 Electromagnetic gauge invariance for unstable W±
bosons
In this section we will consider the electromagnetic Ward identity relating theW propagator
and the WWγ vertex in the one-loop approximation. Since we are interested in gauge
invariance in presence of a finite width for the W boson, we will study only the absorptive
parts of the one-loop corrections. Following Refs. [3, 4], we will consider the kinematical
situations where the absorptive parts of two- and three-point functions are generated by
fermion loops.
For definiteness let us consider the W propagator in the unitary gauge. Dyson resum-
mation of vacuum polarization graphs leads to the following form of the W propagator:
Dµν(q) =
−i
q2 −M2W + iImΠ
T (q2)
(
gµν −
qµqν
q2
)
+
i
M2W − iImΠ
L(q2)
qµqν
q2
, (1)
and its inverse
(iDµν(q))−1 =
(
q2 −M2W + iImΠ
T (q2)
)(
gµν −
qµqν
q2
)
−
(
M2W − iImΠ
L(q2)
) qµqν
q2
, (2)
where the transverse (T ) and longitudinal (L) pieces of the W vacuum polarization are
defined as:
ImΠαβ(q) = ImΠT (q2)
(
gαβ −
qαqβ
q2
)
+ ImΠL(q2)
qαqβ
q2
. (3)
To define the WWγ vertex we use the convention W−α (q1) → W
−
β (q2) + γµ(k) , where
α, β, µ denote the four-polarization indices and q1, q2, k the corresponding four-momenta. In
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what follows we will assume that the W bosons are virtual and the photon is real. After
including the one-loop corrections (cf. Fig. 1) we obtain the following form of the full WWγ
vertex:
− ieΓαβµ = −ie
(
Γαβµ0 + Γ
αβµ
1
)
, (4)
where
Γαβµ0 = g
αβ(q1 + q2)
µ − gαµ(q1 + k)
β − gβµ(q2 − k)
α (5)
corresponds to the tree-level expression and Γαβµ1 denotes the absorptive part of the one-loop
correction.
The QED Ward identity which relates the two- and three-point functions involving the
W boson is given by
kµΓ
αβµ = (iDαβ(q1))
−1 − (iDαβ(q2))
−1. (6)
This identity provides (at any order of perturbation theory) a linear relation between the
vertex correction and the vacuum polarization, which reads for the present case
kµΓ
αβµ
1 = iImΠ
αβ(q1)− iImΠ
αβ(q2). (7)
Using the explicit expressions for these corrections we can verify the validity of Eq.(7).
Indeed, for simplicity let us consider only the contribution of the (ντ , τ
−) doublet to the
fermion loops. Using the standard cutting rules, the vacuum polarization is given by
ImΠαβτ (q) = −
g2
8
∫
dΩ
32π2
Tr
{
6 pτγ
α( 6 q− 6 pτ )γ
β(1− γ5)
} q2 −m2τ
q2
θ(q2 −m2τ ), (8)
where θ(x) denotes the step function, g is the SU(2) weak coupling constant, mτ and p
µ
τ are
the τ -lepton mass and four-momentum respectively.
On the other hand, the vertex correction contains two terms corresponding to two differ-
ent cut diagrams depicted in Figs. (1a) and (1b), namely,
3
Γαβµ1 = i
(
Iαβµτ (q1) + I˜
αβµ
τ (q2)
)
, (9)
where
Iαβµτ (q1) =
Qτg
2
8
∫
dΩ
32π2
q21 −m
2
τ
2(k · pτ )q21
θ(q21 −m
2
τ ) (10)
×Tr
{
6 pτγ
α( 6 q1− 6 pτ )γ
β(2pµτ− 6 kγ
µ)(1− γ5)
}
,
I˜αβµτ (q2) = −
Qτg
2
8
∫
dΩ
32π2
q22 −m
2
τ
2(k · pτ )q22
θ(q22 −m
2
τ ) (11)
×Tr
{
6 pτ (2p
µ
τ + γ
µ 6 k)γα( 6 q2− 6 pτ )γ
β(1− γ5)
}
;
Qτ = −1 is the τ - lepton electric charge in units of the positron charge e.
It is straightforward to check that the QED Ward identity is satisfied when we insert
Eqs.(8)-(11) into Eq.(7). In other words, the electromagnetic gauge invariance is guaranteed
in a process involving the production and decay of W bosons, if Eqs.(1) and (4) are used for
the W propagator and WWγ vertex function, respectively.
Let us now consider the relationship between the above results and those of Ref.[6]. If the
fermions in the loops are massless then ImΠL(q2) = 0, ImΠT (q2) = q2ΓW/MW =
∑
g2q2/48π
(the sum runs over doublets and colours) and we obtain [4] when q2 > 0 :
Dµν(q) =
−i
q2 −M2W + iq
2γW
(
gµν −
qµqν
M2W
(1 + iγW )
)
, (12)
where γW ≡ ΓW/MW and ΓW denotes the total width of the W boson for massless fermions.
In this case the WWγ vertex receives only vector contributions and we have [4] (see also
Eqs.(15),(17) and (24) below)
− ieΓαβµ = −ie (1 + iγW ) Γ
αβµ
0 . (13)
Note that the propagator (12) can be rewritten as follows:
4
Dµν(q) =
−i(1 + iγW )
−1
q2 −M
2
W + iMWΓW
(
gµν −
qµqν
M
2
W − iMWΓW
)
, (14)
with M
2
W =M
2
W + Γ
2
W and γW ≡ ΓW/MW = ΓW/MW .
The form of the propagator given in Eq.(14) was obtained in [6] using a Laurent expansion
of the full propagator around the complex pole position M
2
W − iMWΓW , where (1 + iγW )
−1
plays the role of a (complex) renormalization wave function for the W boson. Thus, the
form of the propagator derived in Ref.[6], which is valid near the resonance, is identical to
the full W propagator in the limit of massless fermions in loop corrections. Since the full
WWγ vertex in the massless case has the same tensor structure as the tree-level expression3,
the Ward identity is also satisfied. We note that |1 + iγW |
2 ≃ 1.0007 is a modest correction.
3 Absorptive corrections to WWγ vertex: massless
fermions
In this section we consider explicitly the absorptive part of the one-loop corrections to the
WWγ vertex (Fig. 1) in the case of massless fermions (except for the top quark). We will
focus our attention on the structure of these vertex corrections for two different kinematical
configurations involved in processes of current interest, namely, (a) q21 < 0, q
2
2 > 0 and
(b) q21 > 0, q
2
2 > 0. In particular, we will discuss the behaviour of the corrections in the soft
photon limit and the non-zero contribution to the axial-vector part induced by the decoupling
of the top quark from the absorptive vertex corrections.
The momenta in the WWγ vertex flow according to W−α (q1) → W
−
β (q2) + γµ(k), with
q1 = q2 + k and the photon being on-shell. Since the top quark (mt = 175 ± 6 GeV) [9]
is far from being massless, the doublet of fermions (t, b) containing the top quark does not
contribute to absorptive corrections when q21,2 < m
2
t . In this case, the vertex corrections can
be written as
3Indeed, if we keep the non-leading renormalization wave function factor in Eq.(14), the Ward identity
forces the WWγ vertex to have the form given in Eq.(13).
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Γαβµ1 = ic
{
(3QL + 6QD − 6QU) V
αβµ
+ i (3QL + 6QD + 6QU)A
αβµ
}
, (15)
where Qi (i = L, U,D) denote the electric charges of leptons and quarks in units of the
positron charge e and
c ≡ −
g2
64π(k · q1)
. (16)
The vector and axial-vector contributions in Eq.(15) are given, respectively, by
V
αβµ
= V αβµf (q1) θ(q
2
1) + V˜
αβµ
f (q2) θ(q
2
2), (17)
A
αβµ
= Aαβµf (q1) θ(q
2
1) + A˜
αβµ
f (q2) θ(q
2
2), (18)
where f refers to the fermion that emits the photon.
Note that if the top contributed to the absorptive corrections (q21, q
2
2 ≫ m
2
t ), we would
have to add the term 3ic(QD −QU)V
αβµ − 3c(QD +QU)A
αβµ to the r.h.s. of Eq.(15). The
coefficient of the axial-vector term would become −3c(QL+3QD +3QU ) = 0, which assures
the vanishing of this contribution as noticed in [3].
Using the results given in the Appendix we can write the explicit expressions for the
terms in Eqs.(17),(18) in the limit where all fermions except the t-quark have zero mass:
V αβµf (q1) =
4
3
(
q21g
αβ − qα1 q
β
1
)
qµ1 − 2q
2
1
(
kβgαµ − kαgβµ
)
+
1
3
(
q21q
α
1 −
q41
k · q1
kα − 6qα1 (k · q1)
)(
gβµ −
kβqµ1
k · q1
)
+
1
3
(
q21q
β
1 −
q41
k · q1
kβ + 3kβq21
)(
gαµ −
kαqµ1
k · q1
)
, (19)
V˜ αβµf (q2) = V
βαµ
f (−q2), (20)
Aαβµf (q1) = q
2
1ε
αβµσ(q1 − k)σ + 2ε
βµρσq1ρkσq
α
1 +
q21
k · q1
(
εαβρσqµ1 − ε
βµρσkα
)
q1ρkσ, (21)
6
A˜αβµf (q2) = −A
βαµ
f (−q2). (22)
The above corrections satisfy the following identities:
kµV
αβµ
f (q1) =
4
3
(k · q1)
(
q21g
αβ − qα1 q
β
1
)
,
kµV˜
αβµ
f (q2) = −
4
3
(k · q2)
(
q22g
αβ − qα2 q
β
2
)
, (23)
kµA
αβµ
f (q1) = kµA˜
αβµ
f (q2) = 0.
Let us first consider the case q21 > 0, q
2
2 > 0. This kinematical situation is present, for
instance, in the process qq¯′ → ℓνℓγ [4, 5]. In this case both cuts in Eqs.(17),(18) contribute
and we get
V
αβµ
=
4
3
(k · q1)Γ
αβµ
0 ,
A
αβµ
= 0, (24)
where Γαβµ0 is the tree-level WWγ vertex defined in Eq.(5).
If we insert the above expressions into Eq.(15) we recover Eq.(13) i.e. the result of [4],
namely, one-loop corrections to the WWγ vertex accounts for the rescaling of the tree-level
expression by a factor 1 + iΓW/MW . Notice however that this factorization of the WWγ
vertex is valid only when q21,2 > 0.
Observe that the axial contribution vanishes when we add the two cuts associated to the
photon emission from a given fermionic line (cf. Eqs. (18),(21),(22)). In other words, when
q21 > 0, q
2
2 > 0, the axial-vector contribution vanishes, regardless of the condition for the
cancellation of anomalous terms, QL + 3QD + 3QU = 0.
A second comment concerns the behaviour of vertex corrections in the soft photon limit.
According to the Low’s soft-photon theorem [8], the leading terms (of order ω−1 and ω0 ,
ω is the photon energy) in the amplitude for the emission of a soft photon in a radiative
process are determined by the electromagnetic gauge invariance and the corresponding non-
radiative process. Terms of the form O(ω−1) arise only from photon emission off external
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charged particles, while photon emission off internal lines starts at order O(ω0) and cannot be
of the form kα/k · q (k is the photon momentum and q is the momentum of an internal line).
Now, if we insert Eq.(24) into Eq.(15) we can easily check that terms proportional to k · q1
drop and the vector contribution satisfies in this case Low’s theorem. As we shall see in the
next section, this property remains valid in the massive case for kinematical configurations
when all possible cuts (for the photon emission from a given fermionic line) are allowed.
Let us now consider the case q21 < 0, q
2
2 > 0. Such kinematical configuration is present
e.g. in the process γe− → νeτ
−ν¯τ [7] with the appropriate change of the photon momentum
k → −k. According to Eqs.(17),(18) only one cut diagram for each loop (Figs. 1b, 1d, 1f) is
allowed in this case and we obtain from Eq.(15):
Γαβµ1 = ic
{
(3QL + 6QD − 6QU) V˜
αβµ
f (q2) + iQτ A˜
αβµ
f (q2)
}
, (25)
where we have used the fact that QL + 3QU + 3QD = 0. Therefore, the axial contribution
is not zero in contradiction with what is claimed in Ref.[3]. This term does not vanish
because the heavy top quark decouples from the absorptive vertex corrections and leaves a
net contribution coming from leptons of the third generation.
A second relevant feature in the case q21 < 0, q
2
2 > 0 concerns the validity of Low’s
expansion with respect to k. As can be easily realized by inserting Eqs.(20),(22) into Eq.(25),
the vector and axial contributions that appear in the latter equation contain terms of order
(k · q2)
−1 and kα/(k · q2). This is at variance with Low’s expansion with respect to k. Of
course, Low’s soft photon theorem [8] is not violated because it is impossible to have k → 0
when q21 < 0 and q
2
2 > 0.
Finally we note that, when q21 < 0, the factorization appearing in Eq.(13) does not remain
valid.
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4 Absorptive corrections to WWγ vertex: massive
fermions
In this section we derive the expressions for the vector and axial-vector contributions to the
absorptive part of the WWγ vertex when the masses of the fermions are taken into account
in the loops. To illustrate our work, we will assume that m2t > q
2
1,2 > m
2
τ and that only
the t, b and c quarks and the τ lepton are massive fermions. All the possible cut diagrams
giving contributions to the absorptive part of the WWγ vertex are shown in Fig. 1 and
the general expressions for such contributions are provided in the Appendix for the case of
arbitrary fermion masses in the loops.
The correction to the vertex can be split into vector and axial-vector terms,
Γαβµ1 = ic
(
V αβµ + iAαβµ
)
, (26)
with
V αβµ =
∑
L=e,µ,τ
QL
(
V αβµL (q1) + V˜
αβµ
L (q2)
)
+ 3
∑
D=s,d
QD
(
V αβµD (q1) + V˜
αβµ
D (q2)
)
−3
∑
U=u,c
QU
(
V αβµU (q1) + V˜
αβµ
U (q2)
)
(27)
and
Aαβµ =
∑
L=e,µ,τ
QL
(
AαβµL (q1) + A˜
αβµ
L (q2)
)
+ 3
∑
D=s,d
QD
(
AαβµD (q1) + A˜
αβµ
D (q2)
)
+3
∑
U=u,c
QU
(
AαβµU (q1) + A˜
αβµ
U (q2)
)
, (28)
For simplicity we have neglected the Kobayashi-Maskawa mixing. Note also that the two
different cuts for the emission of the photon from a given fermionic line are determined by
q21 and q
2
2, such that q
2
1 − q
2
2 = 2(k · q1) = 2(k · q2) .
Let us first consider the vector contributions. The expressions for the coefficients V αβµf (q1)
and V˜ αβµf (q2) (f = L, U,D) are given in the Appendix for the general case when all the
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fermion masses are different from zero. Here we will explicitly assume me = mµ = mu =
md = ms = 0, but mc and mτ are kept finite. Using the Eqs.(A1) and (A2) given in the
Appendix we obtain
V αβµ = (3QL + 6QD − 6QU)
4
3
(k · q1)Γ
αβµ
0 +Qτ V̂
αβµ
τ + 3QsV̂
αβµ
s − 3QcV̂
αβµ
c (29)
where V̂ αβµτ , V̂
αβµ
s and V̂
αβµ
c correspond to the photon emission from the τ lepton and the s
and c quarks, respectively, and they vanish in the limit of massless fermions. The explicit
expressions for these terms are
V̂ αβµτ =
{
−
2m6τ (k · q1)(q
2
1 + q
2
2)
3q41q
4
2
gαβqµ1 − 2
[
−
m2τ
k · q1
ln
(
q21
q22
)
+
2m4τ (k · q1)(2q
2
2 − q
2
1)
q41q
4
2
−
4m6τ (k · q1)(q
2
1 + 2q
2
2)
3q61q
4
2
+
2m2τ
q22
]
qα1 q
β
1 q
µ
1 −
[
4m2τ +
3m4τ
q21
+
m4τ
q22
+
4m6τ (k · q1)
3q41q
2
2
−
2m2τ (q
2
2 +m
2
τ )
k · q1
ln
(
q21
q22
)
+
2m2τ (k · q1)(m
2
τ − 2q
2
1)
q41
]
kα
(
gβµ −
kβqµ1
k · q1
)
+2(k · q1)
[
2m2τ
q22
−
m2τ
k · q1
ln
(
q21
q22
)
+
m4τ (3q
2
2 − q
2
1)
q21q
4
2
−
2m6τ (q
2
1 + q
2
2)
3q41q
4
2
]
gαµqβ1
+
2m2τ (k · q1)
q41q
4
2
[
2q21q
2
2 −m
2
τ (q
2
1 + q
2
2)
]
qα2 q
β
1 q
µ
1
}
+
{
α↔ β, q1 ↔ −q2
}
(30)
and
V̂ αβµs =
4m4c(k · q1)
3q41q
4
2
{
−m2c(q
2
1 + q
2
2)g
αβqµ1 −
(q21 + 2q
2
2)(3q
2
1 − 2m
2
c)
q21
qα1 q
β
1 q
µ
1
−
(q22 + 2q
2
1)(3q
2
2 − 2m
2
c)
q22
qα2 q
β
2 q
µ
2 +
3
2
(
q42q
α
2 g
βµ + q41q
β
1 g
αµ
)
+
1
2
(
3q21q
2
2 − 2m
2
c(q
2
1 + q
2
2)
) (
qα2 g
βµ + qβ1 g
αµ
)
+ 3(q21 + q
2
2)q
α
2 q
β
1 q
µ
1
+
1
2
(
2m2c − 3q
2
1 − 3q
2
2
) (
q21k
βgαµ − q22k
αgβµ − 2kαkβqµ1
)}
(31)
The expression for V̂ αβµc is obtained from V̂
αβµ
τ by replacing mτ → mc.
Next we discuss the vertex corrections arising from axial-vector contributions. In our
case of interest, where me = mµ = mu = md = ms = 0 but mc , mτ different from zero, the
explicit expression for the total axial-vector contribution becomes (cf. Appendix)
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Aαβµ = 2
{
εαβµσkσ (QτBτ + 3QcBc)− ε
βµρσq1ρkσq
α
1 (QτA1τ + 3QsD1c + 3QcA1c)
+εαµρσq2ρkσq
β
2 (QτA2τ + 3QsD2c + 3QcA2c)
}
, (32)
where (f denotes τ or c)
A1f = −
m2f
k · q1
ln
(
q21
q22
)
+
2m2f
q21
+D1f ,
A2f = A1f (q1 ↔ −q2),
D1f = −
2m4f(k · q1)
q41q
2
2
, (33)
D2f = D1f (q1 ↔ −q2),
Bf = q
2
1A1f + q
2
2A2f .
Finally, let us comment that our expressions for the vector contributions to the WWγ
vertex corrections (cf. Eqs.(29)-(31)) satisfy the QED Ward identity given in Eq.(7). Note
also that the axial-vector piece of the vertex corrections (cf. Eqs.(32)-(33)) is gauge-invariant
by itself and therefore does not contribute to this Ward identity. Our results are in agreement
with Low’s soft photon theorem [8]. Indeed, the expansion of Eqs.(30),(31) and (33) around
(k · q1) = 0 yields an overall factor (k · q1), which cancels the (k · q1)
−1 factor present in the
coefficient c (Eq.(16)) of Eq.(26).
5 Conclusions
The amplitude for a radiative process involving production and decay of an unstable W±
boson (e.g. qq¯′ → ℓνℓγ, e
+e− → e−ν¯eud, t → bℓνℓγ or γe
− → νeτ
−ν¯τ ) can be made gauge-
invariant by resuming the vacuum polarization of the W and of the vertex WWγ corrections
induced by loops of fermions [3]-[7]. In this paper we have explicitly shown that the ab-
sorptive corrections indeed satisfy the corresponding electromagnetic Ward identity in the
general case when loops with massive fermions are considered.
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We have also computed the absorptive parts of the WWγ vertex generated by massive
fermions in the one-loop corrections. Contrary to the case of massless fermions, where
vertex corrections account for a simple rescaling of the tree-level WWγ vertex [3, 4] when
q21 > 0, q
2
2 > 0 (see Eq.(13)), we find that the Lorentz tensor structure of this vertex is
sensibly different. In particular, additional corrections to the magnetic dipole and electric
quadrupole moments of W are induced, as clearly seen from Eqs.(29)-(31).
The axial-vector structure in the WWγ vertex is a novel feature in the case of loops
with massive fermions as well as in the case of massless fermions for specific kinematical
configurations of the W ’s four-momenta in the vertex. Such a structure induces non-zero
electric dipole and magnetic quadrupole moments of the W gauge boson (see Eqs.(32)-(33)).
Our results for the vector and axial-vector pieces of the WWγ vertex have the correct
threshold behaviour (they vanish when q21,2 → (mf+mf ′)
2 ) and are in agreement with Low’s
soft photon theorem [8], when the two cuts are allowed, i.e. q21,2 > (mf + mf ′)
2 , for the
emission of the photon from a given fermionic line. When q21 < 0 and q
2
2 > 0, Low’s photon
energy expansion is not satisfied and the axial-vector structure in the WWγ vertex is not
zero even in the massless fermion case.
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Appendix
In this Appendix we provide the general expressions for the vector and axial-vector
contributions to the absorptive part of the WWγ vertex in the case of massive fermions.
As is well known, we have to include all cut diagrams allowed by kinematics with on-shell
fermions in the loops.
(i) Vector contributions
If we consider the cut diagrams with q1 (Figs. 1a, 1c and 1e) we obtain the following
expressions for the coefficients V αβµf (q1) in Eq.(27) (f = L, U,D) :
V αβµf (q1) =
8E1υ1√
q21
[
−
2E21υ
2
1
3
+ E1
√
q21 −m
2
f
]
gαβqµ1
+
16E21υ1
q21
√
q21
[
E1
(
1 +
υ21
3
)
−
√
q21
]
qα1 q
β
1 q
µ
1 +
8E1υ1
q21
(
E1 −
√
q21
)
qα1 T
βµ
+
2
k · q1
−8E31υ31
3
√
q21
−m2f ln
(
1 + υ1
1− υ1
)
+ 2υ1E
2
1
(qα1 T βµ + qβ1T αµ)
−
4E1
√
q21
(k · q1)2
(
−
4E21υ
3
1
3
−m2f ln
(
1 + υ1
1− υ1
)
+ 2υ1E
2
1
)(
kαT βµ + kβT αµ
)
−
2
k · q1
(
m2f ln
(
1 + υ1
1− υ1
)
− 2υ1E1
√
q21
)
kαT βµ +
4E1υ1
k · q1
(
E1 −
√
q21
)
kβT αµ.
(A1)
Similarly, the cut diagrams characterized by q2 (Figs. 1b, 1d, 1f) give rise to the following
expression for the coefficients V˜ αβµf (q2) in Eq.(27):
V˜ αβµf (q2) = V
βαµ
f (−q2). (A2)
In the above equations the following definitions have been introduced:
E1,2 =
q21,2 +m
2
f −m
2
f ′
2
√
q21,2
, υ1,2 =
√√√√1− m2f
E21,2
,
T ρµ = (k · q1)g
ρµ − kρqµ1 = (k · q2)g
ρµ − kρqµ2 , (A3)
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where mf denotes the mass of the fermion that emits the photon and mf ′ , its isospin partner
in the loop. Note that the last equality in (A3) supposes the transversality condition ε·k = 0.
The following identities are easily verified:
ckµ
∑
f,colours
QfV
αβµ
f (q1) = ImΠ
αβ(q1),
ckµ
∑
f,colours
Qf V˜
αβµ
f (q2) = −ImΠ
αβ(q2), (A4)
with c defined in Eq.(16).
(ii) Axial-vector contributions
To obtain the general expressions for the axial-vector coefficients in Eq.(28), we consider
again the cut diagrams characterized by the momenta q1 (Figs. 1a, 1c and 1e) and q2 (Figs.
1b, 1d and 1f). Finally we find (f = L, U,D):
Aαβµf (q1) = 2
(
−m2f ln
(
1 + υ1
1− υ1
)
+ 2υ1E
2
1
){
εαβµσq1σ +
(
εαβρσqµ1 − ε
βµρσkα
) q1ρkσ
k · q1
}
+
4E1υ1
q21
(
E1 −
√
q21
){
q21ε
αβµσkσ − 2ε
βµρσq1ρkσq
α
1
}
(A5)
A˜αβµf (q2) = −A
βαµ
f (−q2). (A6)
If q21, q
2
2 > (mf + mf ′)
2 ( i.e. if both cuts contribute to the absorptive part) then we
obtain a simplified expression for the total axial-vector contribution:
Aαβµf (q1) + A˜
αβµ
f (q2) =
(
q21ε
αβµσkσ − 2ε
βµρσq1ρkσq
α
1
) a12
k · q1
−
(
q22ε
αβµσkσ + 2ε
αµρσq2ρkσq
β
2
) a21
k · q2
, (A7)
where
a12 = m
2
f ln
(
(1 + υ2)(1− υ1)
(1− υ2)(1 + υ1)
)
+ 2
(
υ1E
2
1 − υ2E
2
2
)
+
4E1υ1(k · q1)
q21
(
E1 −
√
q21
)
, (A8)
a21 = a12 (q1 ↔ −q2);
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E1,2 and υ1,2 are defined in Eqs.(A3). In deriving Eq.(A7) we have used the following cyclic
identity for an arbitrary four-vector aµ:
εαβρσaµ + εβρσµaα + ερσµαaβ + εσµαβaρ + εµαβρaσ = 0. (A9)
Notice also that in the limit of massless fermions (and with q21,2 > 0) υ1,2 = 1, E1,2 =
1
2
√
q21,2 and we obtain a12 = a21 = 0. Thus, the axial-vector contribution vanishes for any
doublet of massless fermions.
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Figure 1: Cut diagrams for the one-loop fermionic corrections to the WWγ vertex; L, U,D
denote the charged leptons, up and down quarks, respectively.
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